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Abstract: The Sachdev-Ye-Kitaev (SYK) model describes Majorana fermions with ran-
dom interaction, which displays many interesting properties such as non-Fermi liquid be-
havior, quantum chaos, emergent conformal symmetry and holographic duality. Here we
consider a SYK model or a chain of SYK models with N Majorana fermion modes cou-
pled to another SYK model with N2 Majorana fermion modes, in which the latter has
many more degrees of freedom and plays the role as a thermal bath. For a single SYK
model coupled to the thermal bath, we show that although the Lyapunov exponent is still
proportional to temperature, it monotonically decreases from 2pi/β (β = 1/(kBT ), T is
temperature) to zero as the coupling strength to the thermal bath increases. For a chain of
SYK models, when they are uniformly coupled to the thermal bath, we show that the but-
terfly velocity displays a crossover from a
√
T -dependence at relatively high temperature to
a linear T -dependence at low temperature, with the crossover temperature also controlled
by the coupling strength to the thermal bath. If only the end of the SYK chain is coupled
to the thermal bath, the model can introduce a spatial dependence of both the Lyapunov
exponent and the butterfly velocity. Our models provide canonical examples for the study
of thermalization within chaotic models.
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1 Introduction
As a concrete solvable model displaying maximal quantum chaos, non-Fermi liquid behavior
and holographic duality, the Sachdev-Ye-Kitaev (SYK) model proposed by Kitaev [1] based
on the early work of Sachdev and Ye [2] has been widely studied recently both on the field-
theory side [1, 3–11] and the gravitational side [3, 12–21]. On the field theory side, the model
contains N Majorana fermions χi (i = 1, ..., N) with random four-fermion interaction terms.
The Hamiltonian is
Hχ =
1
4!
N∑
ijkl
Jijklχiχjχkχl, (1.1)
where the normalization of χi is given by anticommutation relation {χi, χj} = δij . The
coupling constants {Jijkl} are antisymmetric with respective exchanging of indices. Their
mean vanishes and the variance is finite as
Jijkl = 0, J
2
ijkl =
3!J2
N3
. (1.2)
The interaction is all-to-all, thus the model is usually viewed as a (0+1)-d quantum me-
chanics model. The specific choice of N scaling in Eq. (1.2) leads to an elegant large-N
structure, with which the two-point and four-point correlation functions can be calculated
analytically [3]. The exact solution in large-N limit displays a number of very intriguing
properties, as we briefly summarized below.
First, it displays an emergent conformal symmetry and the non-Fermi liquid behavior.
To the leading order of 1N expansion, the imaginary-time two-point function G(τ)δij ≡
〈Tτχi(τ)χj(0)〉 satisfies a simple form of Schwinger-Dyson equations as
G(iω)−1 = −iω − Σ(iω), Σ(τ) = J2G(τ)3. (1.3)
– 1 –
In the infrared limit, one drops the −iω term, and the Schwinger-Dyson equations can be
solved by using following ansatz
G(τ) = b
sgn(τ)
|τ | 12
, (1.4)
which leads to
J2b4 =
1
4pi
. (1.5)
A Fourier transformation of the Green’s function shows the divergence of spectral function
as 1/ω1/2 at low energy, which signals a non-Fermi Liquid behavior. The form of the Green’s
function also indicates that the system acquires an emergent conformal symmetry in the IR
limit with the scaling dimension of χ equals to 1/4, which can also be seen from the fact
that the fix-point action only has the four-fermion interaction terms. With the help of this
conformal symmetry and by utilizing conformal mapping τ → tan piτβ , the low temperature
Green’s function (with βJ  1) is then given by
Gβ(τ) = b
sgn(τ)∣∣∣βpi sin(piτβ )∣∣∣ 12 . (1.6)
Second, it shows maximally chaotic behavior. With the knowledge of the two-point
Green’s function at finite temperature, one can further calculate the four-point Green’s
function of the SYK model within the large-N expansion. At the leading order O(N0), the
four-point function is given by its disconnected part, as the connected part starts at order
O( 1N )
1
N
F(τ1, τ2, τ3, τ4) = 1
N2
N∑
j,k=1
〈Tτχj(τ1)χj(τ2)χk(τ3)χk(τ4)〉 −G(τ12)G(τ34). (1.7)
With the analytical continuation of F(τ1, τ2, τ3, τ4) to F(3β4 + it, β4 + it, β2 , 0), one can
calculate the out-of-time-ordered correlation (OTOC) function for χi and χj . The definition
for a regularized OTOC for operator A and B is:
FAB(t) = Tr[yA†(t)yB†(0)yA(t)yB(0)], where y = e−
1
4
βHˆ . (1.8)
which diagnoses the quantum butterfly effect [22–25] and has been applied to various models
recently [26–42]. There are also experimental measurements of OTOC in different systems
[43, 44]. The OTOC in many chaotic systems has a universal behavior as FAB(t) ∼ c0 −
c1 exp(λLt) at a time scale called the scrambling time ts. λL defines the Lyapunov exponent
for a quantum system. Assuming ts  td (td is defined as the decay time for two point
function), it is proved that λL is bounded by 2pi/β, and the models with holographic duality
is believed to saturate the bound [1, 23–25, 45]. For the SYK model, one can explicitly
show that F (t) ≡ Fχiχj (t) ∼ −βJ exp(2pit/β) when t  td = β. The Lyapunov exponent
extracted from it is exactly 2pi/β.
Thirdly, a gravitational model shares the same effective action as the low-energy theory
of the SYK model. In the SYK model, by using the replica trick to treat the disorder
– 2 –
average, a non-local action can be deduced after introducing bi-local fields G(τ1, τ2) and
Σ(τ1, τ2):
S
N
= −1
2
log det(∂τ − Σ) + 1
2
∫
dτ1dτ2
[
Σ(τ1, τ2)G(τ1, τ2)− J
2
4
G(τ1, τ2)
4
]
. (1.9)
The saddle point equations for G(τ1, τ2) and Σ(τ1, τ2) (by assuming the translational in-
variance in time) are the same as shown in Eq. (1.3). Using saddle-point solutions, one
can show there is a finite zero-temperature entropy which is another signature of a non-
Fermi Liquid resulted from the large degeneracy of ground states [46]. Expanding G and Σ
around their saddle point solutions gives the low-energy effective action for the SYK model.
Note that the low energy physics of the SYK model is dominated by the reparametrization
modes due to the emergent conformal symmetry, and a reparametrization to the time vari-
able τ → f(τ) acts on the G(τ1, τ2) field as G(τ1, τ2)→ (f ′(τ1)f ′(τ2)) 14G(f(τ1), f(τ2)). For
small deformation τ → τ + (τ), the effective action can be approximated by an action of
the fluctuation δG, which has an elegant form as the Schwarzian action:
S
N
∝
∫ β
0
dτ
1
2
[
(′′)2 −
(
2pi
β
)2
(′)2
]
. (1.10)
For finite transformation τ → f(τ), the action can be written as
S
N
= −#
J
∫
dτ
{
tan
(
pif
β
)
, τ
}
, where {f, τ} ≡ f
′′′
f ′
− 3
2
(
f ′′
f ′
)2
. (1.11)
# is some constant number given in Ref.[3]. This Schwarzian effective action roots in
the conformal symmetry of the SYK model and can give rise to the maximal Lyapunov
exponent. Interestingly, on the gravity side, the same action appears for the dilaton gravity
theory in two-dimensional near anti-de Sitter spacetime (NAdS2) [12].
Motivated by the aforementioned intriguing properties of the SYK model, recently
there appear many interesting generalizations of the SYK model [46–75]. The models
with U(1) symmetry are studied numerically for both bosons and fermions in Ref.[46] by
exact diagonalization, which shows the nearly degeneracy of the many-body spectrum at
low energy for the fermionic model and the spin-glass state for the bosonic model. There
are also efforts toward a more precise holographic description for which a supersymmetric
version of the SYK model is studied [47–49]. By coupling the SYK models [50, 51], an lattice
model with spatial degree of freedom can be realized, where the butterfly velocity and the
diffusion constant can be calculated and are compared with the holographic result. The issue
of chaotic to non-chaotic transiton is considered with several different generalization of the
SYK models [52–56]. Among all these generalizations, the non-Fermi Liquid phases given
by the SYK-type models all possess a maximal chaotic behavior and Lyapunov exponent
saturating to 2pi/β, with only one exception that contains time dependent interaction [3, 57].
In this paper, we consider a SYK model or a chain of SYK models with N Majorana
fermion modes coupled to another SYK model with N2 Majorana fermion modes. The
latter contains many more degrees of freedom and can be viewed as as a kind of thermal
– 3 –
bath. Our model is time independent and this model is also solvable in the large-N limit.
In view of the three properties mentioned above, we will show that, on one hand, this model
still displays an emergent conformal symmetry and a non-Fermi liquid behavior, but on the
other hand, it is not maximally chaotic. In fact, we will show that the Lyapunov exponent
of this model can be tuned to any value between zero and 2pi/β. Whether this model also
has a gravitational dual remains unclear.
In section 2, we discuss a single SYK model coupled to the thermal bath. We show
analytically illustrate that λL for the small system monotonically decreases from 2pi/β to
zero as the coupling strength to the thermal bath increases. In section 3, we consider a chain
of SYK models. When the chain is uniformly coupled to the thermal bath, the butterfly
velocity displays a crossover from
√
T -dependence at relatively high temperature to a new
linear T -dependence at low temperature. If only the end of the SYK chain is coupled to the
thermal bath, we found that there is a spatial dependence of both the Lyapunov exponent
and the butterfly velocity.
2 (0 + 1)-d SYK Model Coupled to a Thermal Bath
2.1 The Model and the Two-Point Functions
In this section, we introduce a generalized version of the SYK model that contains a small
SYK model with N Majorana fermions (denoted by χi, i = 1, 2, ..., N) to a large SYK
model with N2 Majorana fermions (denoted by ψi, i = 1, 2, ..., N2). We will call the two
subsystem as SYKχ and SYKψ, respectively. In fact, the number of Majorana fermions
in the large SYK model does not have to be N2, and it can be generally Nα as long as
α > 1 such that it dominates over N in the large N limit. Here we choose the number of
Majorana fermions in the larger cluster to be N2 just for concreteness. The Hamiltonian
of the coupled SYK system is written as:
H = Hχ +Hψ +Hc , (2.1)
where both Hχ and Hψ take the same form as Eq. (1.1), with {Jijkl}, {J ′ijkl} being the
random couplings in Hχ and Hψ, respectively. Hc is the coupling Hamiltonian defined as
Hc =
1
4
∑
ijkl
uijklχiχjψkψl, (2.2)
where uijkl are also random coupling numbers. {Jijkl}, {J ′ijkl}, {uijkl} are antisymmetric
random variables with zero mean
Jijkl = 0, J
′
ijkl = 0, uijkl = 0, (2.3)
and their variances are
J2ijkl =
3!J2
N3
, J
′2
ijkl =
3!J2
N6
, u2ijkl =
2!u2
N5
. (2.4)
The reason for making this specific choice of N dependence of the variances will be clear
soon because it gives a nice structure for the theory in the large-N limit.
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χi χi
χi χi χi χi
(a)
(b)
ψi ψi ψi ψi(c)
i iψ ψ
Figure 1: (a). Left: The Green’s function Gχ(τ) of SYKχ; Right: The Green’s function
Gψ(τ) of SYKψ. (b). Order of N for self energy diagram of χ: Left: ∼ J2N3 ×N3 ∼ O(N0);
Right: ∼ u2
N5
×N × (N2)2 ∼ O(N0). The dashed line means the two vertices should have
same coupling. (c). Order of N for self energy diagram of ψ: Left: ∼ J2
N6
×(N2)3 ∼ O(N0);
Right: ∼ u2
N5
×N2 ×N2 ∼ O( 1N ).
As shown in Fig. 1 (a), we use straight line and wavy line to denote their Green’s
functions Gχ(τ) = 〈Tτχi(τ)χi(0)〉 and Gψ(τ) = 〈Tτψi(τ)ψi(0)〉, respectively, where Tτ
denotes time-order operator in the imaginary time τ . Note that the Green’s functions are
diagonal in term of the fermion indices because of the disorder average. In the large-N
limit, the Green’s functions can be be determined by diagrammatic method and by solving
the Schwinger-Dyson equations. For the SYKχ, one would expect two contributions to its
self-energy Σχ(τ), as given by two diagrams in Fig. 1 (b). The choices of the orders of
N in Eq. (2.4) ensures that the same two diagrams are both of order O(N0), which is
the lowest order in 1N for the Green’s function. From these diagrams we can obtain the
Schwinger-Dyson equations for the SYKχ system as
Gχ(ω)
−1 = −iω − Σχ(ω), Σχ(τ) = J2G3χ(τ) + u2G2ψ(τ)Gχ(τ). (2.5)
For the SYKψ system, in the large-N limit, one may also expect two contributions for
its self-energy Σψ(τ), as shown in Fig. 1. However, the choices in Eq. (2.4) results in the
suppression of the second diagram by 1N , thus it can be neglected at the leading order.
This large-N structure physically makes sense, since physically the properties of the larger
system should not be affected by the small system at the leading order of 1N . Then we have
the Schwinger-Dyson equations for the SYKψ system:
Gψ(ω)
−1 = −iω − Σψ(ω), Σψ(τ) = J2G3ψ(τ). (2.6)
In the strong coupling limit, we first drop the −iω term, and the Green’s functions
obey the form as the original single SYK model
Gχ(τ) = a
sgn(τ)
|τ | 12
, Gψ(τ) = b
sgn(τ)
|τ | 12
, (2.7)
where the coefficients a and b are determined by
a4J2 + u2a2b2 =
1
4pi
, b4J2 =
1
4pi
. (2.8)
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i ψiψ χi χi
χi χi χi χi
(a)
(b)
ψi ψi ψi ψi(c)
(a)
Fχχ
t2
t1
0
0
=
Fχχ
t2
t1
0
0
t4
t3
+
Fχχ
t2
t1
0
0
t4
t3
(b)
Fψψ
t2
t1
0
0
=
Fψψ
t2
t1
0
0
t4
t3
Fψψ
(a)
(b)
Figure 2: (a). Three contributions of KR,χχ(t1...t4). The first two diagrams are of order 1N
while the third one is of order 1
N2
. (b). Diagrammatic representation of the self consistency
equation Eq. (2.12).
Note that the coefficients are different from the original SYK model, which is the key to
the discussion below. Consequently, the finite temperature version of the Green’s functions
are
Gχ(τ) = a
[
pi
β sin piτβ
] 1
2
sgn(τ), Gψ(τ) = b
[
pi
β sin piτβ
] 1
2
sgn(τ). (2.9)
2.2 Four Point Functions and the Tunable Lyapunov Exponent
The Lyapunov exponent is defined from four point function OTOC. To calculate the four-
point function, one can solve the self-consistency equations for the four point functions
in the real time to first obtain the asymptotic behavior in the chaos limit as shown in
Ref.[3, 22], from which one can extract the Lyapunov exponent perfectly. We use Fχχ, Fψψ
and Fχψ to denote the four point functions of four χ’s, of four ψ’s and of two χ’s and two
ψ’s. Let us consider the following OTOC in the real time,
Fχχ(t1, t2) = Tr[yχi(t1)yχj(0)yχi(t2)yχj(0)], y = ρ(β)
1
4 . (2.10)
Fψψ(t1, t2) = Tr[yψi(t1)yψj(0)yψi(t2)yψj(0)], y = ρ(β)
1
4 . (2.11)
where fermions are separated by a quarter of the thermal circle, at the lowest order O(N0),
the four point function is given by the disconnected part, and what we are interested in is
the sub-leading part that describes chaotic behavior. Below, we use F (t1, t2) to refer to the
sub-leading part of the four point function without further indication. As in the original
SYK model, they are determined by the ladder diagrams in the large-N limit.
We use self-consistency equations to determine the asymptotic behavior of Fχχ, i.e.,
the function Fχχ is an eigenfunction of KR,χχ with eigenvalue one:
Fχχ(t1, t2) =
∫
dt3dt4KR,χχ(t1...t4)Fχχ(t3, t4), (2.12)
where KR,χχ(t1...t4) is the retarded kernel for evaluating the four point function. We shall
first analyze the structure of the retarded kernel. One finds that the kernel consists of two
– 6 –
parts at lowest order given by the first and second diagram in Fig. 2 (a). Other possibilities,
like the third diagram in Fig. 2 (a), is in fact of the order 1
N2
. At leading order for the
connected part of four-point function, it can be neglected. From the diagrams, one can
obtain the retarded kernel KR,χχ(t1...t4) as
KR,χχ(t1...t4) = 3J
2GR,χ(t13)GR,χ(t24)Glr,χ(t34)
2 + u2GR,χ(t13)GR,χ(t24)Glr,ψ(t34)
2,
(2.13)
where GR(t) is the real time retarded correlator and Glr(t) ≡ iG(it+ β2 ) is the Wightmann
correlator. They are given by
GR,χ(t) =
√
2aθ(t)
[
pi
β sinh pitβ
] 1
2
, Glr,χ(t) = a
[
pi
β cosh pitβ
] 1
2
, (2.14)
GR,ψ(t) =
√
2bθ(t)
[
pi
β sinh pitβ
] 1
2
, Glr,ψ(t) = b
[
pi
β cosh pitβ
] 1
2
. (2.15)
By taking an ansatz form of
Fχχ(t1, t2) =
e
−hpi
β
(t1+t2)[
cosh piβ t12
] 1
2
−h , (2.16)
and substituting Eq. (2.13) - (2.15) into Eq. (2.12) while requiring that the eigenvalue of
the kernel kR(h) = 1, one finds
1 =
Γ(52)Γ(
1
2 − h)
Γ(32)Γ(
3
2 − h)
× 4pi
(
J2a4 +
u2a2b2
3
)
. (2.17)
The value of the parenthesis in the above equation equals to 1/4pi in the original SYK
model, while here the value depends on u explicitly and implicitly via coefficients a and b.
One can solve h from Eq. (2.8) and Eq. (2.17), the result is
− h = 1 + 1
2
k2 −
√
k4 + 4k2
2
, with k =
u2
J2
. (2.18)
One can see that Since λL = −h2piβ , we find that
λL =
2pi
β
(
1−
√
k4 + 4k2 − k2
2
)
. (2.19)
When k = u2/J2 = 0, the two systems decouple, and the Lyapunov exponent of Fχχ
recovers 2pi/β, which is simply the maximumly chaotic value in the SYK model. However,
as one increases the interaction between the two systems, i.e., u2/J2 increases, the Lyapunov
exponent decreases. When u2/J2 →∞, λL → 0. Fig. 3 shows one of the central results of
this work where we plot the dependence of λL on u2/J2. For small u2/J2, the Lyapunov
exponent decreases linearly with u2/J2:
λL ≈ 2pi
β
(
1− u
2
J2
)
,
u2
J2
 1. (2.20)
– 7 –
Figure 3: The dependence of Lyapunov exponent of Fχχ on u2/J2.
The above calculation deals with the four point function in the real time and in the chaos
limit directly. One can also first calculate the exact four point function in the imaginary
time and then continue it to the real time, which will lead to the same result [84].
If we take the Lyapunov exponent λL as a measurement of the chaos in one system, then
this result tells us that we can tune chaotic behavior in one SYK system by changing the
magnitude of its interaction with a much larger system. The underlying mechanism is based
on the hierarchy of the scrambling times between these two systems. In the SYK model,
the scrambling time ts is proportional to β logN , where N is the number of Majorana
fermions in the system. The large difference in the size of the two subsystems results in a
large difference in the scrambling time. At the time scale when the SYKχ system enters
the chaos region, the SYKψ system has not scrambled at all. Thus, through the coupling
between the two systems, the chaotic behavior of the SYKχ system is weaken by the larger
system SYKψ.
Now let us turn to the OTOC Fψψ(t1, t2) of four ψ fermions. As illustrated in the last
section, at the lowest order of 1/N , the SYKψ system should not be affected by the small
system. We will find this is indeed the case here. One would find that the leading order of
the connected part Fψψ(t1, t2) is at order O(1/N2), and the only contribution to the kernel
at this order is shown in Fig. 4 (a). From the self-consistency equation
Fψψ(t1, t2) =
∫
dt3dt4KR,ψψ(t1...t4)Fψψ(t3, t4), (2.21)
and by taking the ansatz form
Fψψ(t1, t2) =
e
−h′ pi
β
(t1+t2)[
cosh piβ t12
] 1
2
−h′ , (2.22)
– 8 –
i iψ χi χi
χi χi χi χi
(a)
(b)
ψi ψi ψi ψi(c)
(a)
Fχχ
t2
t1
0
0
=
Fχχ
t2
t1
0
0
t4
t3
+
Fχχ
t2
t1
0
0
t4
t3
(b)
Fψψ
t2
t1
0
0
=
Fψψ
t2
t1
0
0
t4
t3
Fψψ
(a)
(b)
Figure 4: (a). Diagrammatic representation of the self consistency equation (2.21). (b).
At order O( 1
N2
), the OTOC Fχχ contains Fψψ as an inner propagator.
with the eigenvalue kR(h′) = 1, one finds
1 =
Γ(52)Γ(
1
2 − h′)
Γ(32)Γ(
3
2 − h′)
× 4piJ2b4. (2.23)
Solving this one obtains h′ = −1, which means that the Lyapunov exponent λL is 2pi/β.
The Lyapunov exponent of Fψψ is the same as the one in the original SYK model, which
matches our previous expectation.
If we want to understand the behavior of Fχχ at next order O( 1N2 ) precisely, we need to
take into account the O( 1N ) correction to the correlators, and analyze the kernel structure
as before. Some useful hint can be obtained by simply looking at the third diagram in Fig.
1 (a), which is the 1/N2 order contribution to the kernel KR,χχ. It contains the four-point
function Fψψ as a propagator inside (see Fig. 4 (b)), and since the Lyapunov exponent
of Fψψ reaches the maximal value 2pi/β, we anticipate that at order 1/N2, Fχχ(t1, t2) will
also display a Lyapunov exponent 2pi/β. This gives an exponential growth contribution
as 1
N2
exp(2piβ t) which reveals the maximally chaotic behavior at longer time when both
systems are scrambled. Similarly, since the lowest order of the connected part of OTOC
Fψχ is at O( 1N2 ) and it also contains Fψψ as an inner propagator, we anticipate that Fψψ
will also grow as exp 2piβ t at order
1
N2
.
From this point of view, one can see different chaotic behavior at different time scale.
As far as the small system is concerned, there are two scrambling time scales, with the first
one at the shorter time and the second one at the longer time. The small system is not
maximally chaotic at the first scrambling time, because of the non-chaotic environment at
that time scale. And it is maximally chaotic at the second scrambling time at longer time
scale, because of the maximally chaotic environment at that time scale.
2.3 The Effective Action
In this section we will discuss an alternative effective action derivation for the change of the
Lyapunov exponent in a perturbative manner. This will be useful for the later discussion
of the SYK chain coupled to the environment.
– 9 –
The derivation of the effective action utilizes the original fermion path integral formal-
ism and carries out the disorder average. By introducing bi-local fields Gχ(τ1, τ2), Gψ(τ1, τ2)
and Lagrange multiplier fields Σχ(τ1, τ2),Σψ(τ1, τ2) that sets Gχ(τ1, τ2) = 1NΣiχi(τ1)χi(τ2)
and Gψ(τ1, τ2) = 1N2 Σiψi(τ1)ψi(τ2), one obtains the nonlocal action as
Seff =N
(
−1
2
log det(∂τ − Σχ) + 1
2
∫
dτ1dτ2
(
Σχ(τ1, τ2)Gχ(τ1, τ2)− J
2
4
Gχ(τ1, τ2)
4
))
+N2
(
−1
2
log det(∂τ − Σψ) + 1
2
∫
dτ1dτ2
(
Σψ(τ1, τ2)Gψ(τ1, τ2)− J
2
4
Gψ(τ1, τ2)
4
))
−N
(
1
2
∫
dτ1dτ2
u2
2
Gχ(τ1, τ2)
2Gψ(τ1, τ2)
2
)
.
(2.24)
The saddle point equations of the fields are the same as in Eq. (2.5) and Eq. (2.6). We
expand the fields around their saddle point solution as
Gχ(τ) = Gχ,s(τ) + |Gχ,s(τ)|−1g(τ), Σχ(τ) = Σχ,s(τ) + |Gχ,s(τ)|σ(τ)
Gψ(τ) = Gψ,s(τ) + |Gψ,s(τ)|−1g′(τ), Σψ(τ) = Σψ,s(τ) + |Gψ,s(τ)|σ′(τ),
(2.25)
where g(τ), g′(τ), σ(τ), σ′(τ) denote the fluctuation of the fields. By keeping up to the
quadratic order, one obtains the effective action
Seff = N
(
−1
2
log(1 +Gχ,s ◦Gχ,sσ) +
∫
dτ1dτ2
1
2
g(τ1, τ2)σ(τ1, τ2)− 3J
2
4
g(τ1, τ2)g(τ1, τ2)
)
+N2
(
−1
2
log(1 +Gψ,s ◦Gψ,sσ′) +
∫
dτ1dτ2
1
2
g′(τ1, τ2)σ′(τ1, τ2)− 3J
2
4
g′(τ1, τ2)g′(τ1, τ2)
)
−N
∫
dτ1dτ2
(
u2g′(τ1, τ2)g(τ1, τ2) +
u2
4
g(τ1, τ2)g(τ1, τ2) +
u2
4
g′(τ1, τ2)g′(τ1, τ2)
)
.
Integrating out σ and σ′, and to the leading order of u
2
J2
, one obtains
Seff =
3J2N2
4
∫
dτ1...dτ4g
′(τ1, τ2)(K ′−1 − 1ˆ)g′(τ3, τ4)
+
3J2N
4
∫
dτ1...dτ4g(τ1, τ2)(K
−1 − 1ˆ)g(τ3, τ4)
−N
∫
dτ1dτ2
(
u2g′(τ1, τ2)g(τ1, τ2) +
u2
4
(g(τ1, τ2)g(τ1, τ2) + g
′(τ1, τ2)g′(τ1, τ2))
)
, (2.26)
in which
K ′(τ1, τ2; τ3, τ4) = 3J2Gψ,s(τ12)Gψ,s(τ13)Gψ,s(τ42)Gψ,s(τ34), (2.27)
and
K =
J2
J2 + u2
K ′. (2.28)
K ′ does not have J and u dependences since the coefficient b in Gψ,s(τ) will cancel out the
J2 prefactor, while K has J and u dependences.
The exact four point function can be derived by first diagonalizing the kernelsK andK ′,
with their eigenvalues denoted by k(h, n) and k′(h, n) and the eigenfunction corresponding
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to (h, n) denoted by Ψh,n. For the SYKψ system, at the leading order, one only needs to
consider the first term in the effective action. The connected part of the imaginary time
four-point function for SYKψ system can be written as
1
N2
Fψψ(τ1, τ2; τ3, τ4) =
1
|Gψ,s(τ12)Gψ,s(τ34)| 〈g
′(τ1, τ2)g′(τ3, τ4)〉 (2.29)
=
2
3N2J2
1
|Gψ,s(τ12)Gψ,s(τ34)|
(
K ′−1 − 1ˆ)−1 (2.30)
=
2
3N2J2
1
|Gψ,s(τ12)Gψ,s(τ34)|
∑
h,n
Ψh,n(τ1, τ2)
k′(h, n)
1− k′(h, n)Ψ
∗
h,n(τ3, τ4). (2.31)
However, for h = 2, one has k′(h, n) = 1, which leads to the vanishing of effective action
for h = 2 modes as well as a divergence of the four-point function in above equation. The
divergence comes from the reparametrization modes which are soft modes in the conformal
limit. For them, one must consider the correction away from the conformal limit to obtain a
meaningful result. On the other hand, these modes are the dominant part of the four-point
function in the long time limit, and result in the exponential growth with the Lyapunov
exponent 2pi/β for the OTOC. This is the same story as the original SYK model, as well as
the SYKψ system. However, for the SYKχ system, the interaction with the bath makes the
difference. If we integrate out g′ in the effective action, at the leading order, the effective
action for g is
Seff,χ =
3J2N
4
∫
dτ1...dτ4g(τ1, τ2)
(
K−1 −
(
1 +
u2
3J2
)
1ˆ
)
g(τ3, τ4). (2.32)
With this, one obtains the expression for the connected part of the imaginary time four-
point function
1
N
Fχχ(τ1, τ2; τ3, τ4)
=
2
3NJ2
1
|Gχ,s(τ12)Gχ,s(τ34)|
∑
h,n
Ψh,n(τ1, τ2)
k(h, n)
1− (1 + u2
3J2
)k(h, n)
Ψ∗h,n(τ3, τ4) (2.33)
=
2
3N(J2 + u2)
1
|Gχ,s(τ12)Gχ,s(τ34)|
∑
h,n
Ψh,n(τ1, τ2)
k′(h, n)
1− 1+
u2
3J2
1+u
2
J2
k′(h, n)
Ψ∗h,n(τ3, τ4). (2.34)
For h = 2, k′(h, n) = 1, but there is no divergence due to u
2
J2
6= 0. Since the divergence is
removed, the long time behavior of the four-point function should be a result of both h = 2
and h 6= 2 modes. In principle, the asymptotic behavior of OTOC in the chaos limit contains
contributions from the h 6= 2 modes. However, for u2/J2  1, the reparametrization modes
still compose the dominant part of the four-point function, thus we can first focus on the
h = 2 part, and then consider the correction from h 6= 2 part perturbatively. We will show
below that this leads to the same result as in previous section for the perturbative regime
u2/J2  1.
Concentrating on the h = 2 part, we need to write an explicit action for the reparametriza-
tion modes. For u = 0, the SYKχ and SYKψ systems are decoupled, thus we should have
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two sets of reparametrization mode  and ′, corresponding to the reparametrization of
Gχ and Gψ, respectively. For finite u, since Gχ and Gψ are coupled through Eq. (2.5),
they should be reparametrized together. However, since we are working in the u2/J2  1
regime, we shall still keep two sets of reparametrization modes, and treat the u2 term as
the first order perturbation that couples the two sets of modes together. Explicitly, the two
sets of reparametrization modes are introduced as:
g′ =
1
βJ
∑
n
fn
′
n, g =
1
β
√
J2 + u2
∑
n
fnn ≈ 1
βJ
∑
n
fnn, (2.35)
with functions fn defined in Ref.[3] and
∫
fnfm ∝ |n|(n2 − 1)δm,−n. The eigenvalues of K ′
for the reparametrization modes are approximated by 1 − |n|
√
2αK
2piβJ , while the eigenvalues
of K for the reparametrization modes are approximated by J
2
J2+u2
− |n|
√
2αK
2piβJ , in which αK
is a numerical factor [3]. The effective action is then given by:
S =
1
256pi
(∑
n
N2
√
2αK
βJ
(′−nn
2(n2 − 1)′n) +
∑
n
N
√
2αK
βJ
(−nn2(n2 − 1)n)
−
∑
n
4Nu2
3J2
(′−n|n|(n2 − 1)n) +
∑
n
2Nu2
3J2
(−n|n|(n2 − 1)n)
)
,
where we neglected a term proportional to N for quadratic term of ′. To the lowest order
for ′n, the action is just Schwarzian derivative while for n there is an additional term
∝ |n|(n2 − 1).
The h = 2 contribution to the leading order of the connected part four-point function
of the SYKχ system can be read from this effective action as :
Fχχ,h=2(τ, τ12, τ34) =
8
pi
∑
n
e−inτ√
2αK |n|
βJ +
2u2
3J2
1
|n|(n2 − 1)fn(τ12)fn(τ34)
=
16J√
2αK
∑
n
e−inτ
2pi|n|
β +
4piu2
3
√
2JαK
1
|n|(n2 − 1)fn(τ12)fn(τ34),
(2.36)
where τ = (τ1 + τ2 − τ3 − τ4)/2. By analytical continuation with τ12 = τ34 = β/2 and
τ = it, we obtain the growing term in the long time as
Fχχ,h=2(t)
G(β2 )
2
' − 4piJ√
2αK
· e
2pi
β
t
2pi
β +
4piu2
3
√
2JαK
. (2.37)
We see that the Lyapunov exponent is still 2pi/β, because we have not taken the h 6= 2
corrections into account yet. Here we have two small parameters 1/βJ and u2/J2, which
are both of order . Suppose Fχχ can be written in the form as
Fχχ(t) ∼ − 1
a1
exp
[
2pi
β
(1− λ1+ ...)t
]
(2.38)
= −e
2pi
β
t
a1
+
2pi
β
λ1
a1
te
2pi
β
t
+O(). (2.39)
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Figure 5: A pictorial representation of the model discussed in sec. 3.1: An SYK chain
with N fermions each site in the bath of an N2 fermions SYK model.
It is analyzed in Ref.[3] that the h 6= 2 part gives a growing term 6piβ te
2pi
β
t. By matching the
above expansion, we can obtain
λ1 =
3
√
2αK
2βJ
+
u2
J2
, (2.40)
where the first term is the first order correction to the Lyapunov exponent away from the
conformal limit, while the second term is due to the interaction with the thermal bath. In
the conformal limit βJ →∞, the Lyapunov exponent is given by
λL ≈ 2pi
β
(
1− u
2
J2
)
,
u2
J2
 1, (2.41)
which is consistent with the result Eq. (2.19) and Eq. (2.21) in the sec. 2.2.
3 (1+1)-d SYK Models Coupled to a Thermal Bath
In this section we consider the (1+1)-dimensional generalization of the previous model. By
generalizing to a one dimensional chain model, we can study richer physics including the
spatial dependence of OTOC, the energy transport property and so on. There are several
proposals for generalizing the SYK model to higher dimensions [50, 51, 71, 72], here we
mainly follow Ref. [50, 51] and focus on the generalization to one dimensional chain model.
Two different configurations of chain model will be discussed in this section. In both cases,
we first prepare an one dimensional SYK chain, with N Majorana fermions χi,x on each
site, and prepare a SYKψ system with N2 Majorana fermions ψi. In the first configuration,
we use the SYKψ system as a global bath, and couple every site of the SYKχ chain to the
SYKψ system uniformly. In the second configuration, we use the SYKψ system as a local
bath and attach the SYKψ system to one end of the SYKχ chain. The first model preserves
the translational symmetry along the chain, while the second model does not.
3.1 (1+1)-d SYK Chain Coupled to a Global Thermal Bath
In this subsection, we study the first configuration as illustrated in Fig. 5. To maintain
the translational symmetry, here we choose the interaction strength with the N2 fermions
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SYKψ bath to be uniform. If the interaction strength is chosen different, this will be a new
type of inhomogeneous SYK chain model, which can be analyzed using similar method as
in Ref. [51].
The Hamiltonian of the system is
H =
M∑
x=1
(
Hχx +H
c
χx,χx+1 +H
c
χx,ψ
)
+Hψ , (3.1)
where Hc is defined as in Eq. (2.2). The random couplings in each term are {Jjklm,x},
{J ′jklm,x}, {uijkl}, {J˜ijkl} in order, with
J2ijkl,x =
3!J20
N3
, J
′2
ijkl,x =
J21
N3
, u2ijkl,x =
2u2
N5
, J˜2ijkl =
3!J˜2
N6
. (3.2)
As we do not want the bath SYKψ system to be affected by the existence of the chain at
leading order of 1N , we demand the number of sites M satisfy
M
N → 0 in the large-N limit.
Using the replica method, after doing the disorder average and introducing the bi-local
fields, one arrives at the effective action as (in below we omit the terms for the SYKψ
system):
Seff[Gx,Σx] =
M∑
x=1
[
− logPf(∂τ − Σx) + 1
2
∫ β
0
dτ1dτ2
(
Σx(τ1, τ2)Gx(τ1, τ2)− J
2
0
4
Gx(τ1, τ2)
4
−J
2
1
4
Gx(τ1, τ2)
2Gx+1(τ1, τ2)
2 − u
2
2
Gx(τ1, τ2)
2Gψ(τ1, τ2)
2
)]
.
(3.3)
This effective action shows that the translational invariant saddle point solutions should
satisfy:
Gx(τ) = G
s(τ), Σx(τ) = Σ
s(τ), (3.4)
Gs(iω)−1 = −iω − Σs(iω), Σs(τ) =
(
J20 + J
2
1 + u
2 b
2
a2
)
Gs(τ)3, (3.5)
where a and b are the factors in front of the Green’s functions Gs(τ) and Gψ(τ) as in Eq.
(2.7). The value of b2/a2 can be tuned by changing the variance J˜2 of the random couplings
{J˜jklm}. Here we set b2/a2 = 1 for the simplification of the equations by changing the value
of J˜2. We define
J =
√
J20 + J
2
1 + u
2, (3.6)
then the Eq. (3.5) becomes:
Gs(iω)−1 = −iω − Σs(iω), Σs(τ) = J2Gs(τ)3. (3.7)
In the conformal limit N  βJ  1, one has the saddle point solution
Gs(τ) = a
[
pi
β sin piτβ
] 1
2
, 0 ≤ τ < β, with a4J2 = 1
4pi
. (3.8)
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Expanding the fields around the saddle point solutions as
Gx(τ) = G
s(τ) + |Gs(τ)|−1gx(τ), (3.9)
Σx(τ) = Σ
s(τ) + |Gs(τ)|σx(τ), (3.10)
one can expand the effective action to quadratic order as
δSeff[g, σ] =− 1
4
∫
d4τ
∑
x
σx(τ1, τ2)G
s(τ13) · |Gs(τ34)| ·Gs(τ42) · |Gs(τ21)|σx(τ3, τ4)
+
∫
d2τ
(∑
x
1
2
σx(τ1, τ2)gx(τ1, τ2)− 3J
2
4
∑
x,y
gx(τ1, τ2)Sxygy(τ1, τ2)
)
.
(3.11)
The spatial kernel Sxy is defined as
Sxy = (1− 2u
2
3J2
)δx,y +
J21
3J2
(δx,y±1 − 2δx,y), (3.12)
with its Fourier transformation into momentum space being
s(p) = 1− 2u
2
3J2
+
J21
3J2
(cos p− 1). (3.13)
Defining K˜ as the symmetrized four-point function kernel of the SYK model
K˜(τ1, τ2; τ3, τ4) = 3J
2Gs(τ13) · |Gs(τ34)| ·Gs(τ42) · |Gs(τ21)|, (3.14)
and by integrating out the σx fields, the effective action can be written as
δSeff =
3J2
4
∫
d4τ
∑
x,y
gx(τ1, τ2)
[
K˜−1(τ1, τ2; τ3, τ4)δxy − Sxyδ(τ13)δ(τ24)
]
gy(τ3, τ4). (3.15)
One can read the four point function with two fermions on the x site and two fermions on
the y site from this action, which is
1
N
Fxy(τ1, τ2; τ3, τ4) = 1|Gs(τ12)Gs(τ34)| 〈gx(τ1, τ2)gy(τ3, τ4)〉
=
2
3NJ2
1
|Gs(τ12)Gs(τ34)|
(
K˜−1 − S
)−1
.
(3.16)
By Fourier transforming (x−y) to the momentum space, one obtains the four point function
in momentum space as
1
N
Fp(τ1, τ2; τ3, τ4) = 2
3NJ2
1
|Gs(τ12)Gs(τ34)|
[
K˜−1 − s(p)δ(τ13)δ(τ24)
]−1
. (3.17)
One can further get the behavior of the four point function from this expression by diagonal-
izing the kernel K˜ in the same way as in the original SYK model. The kernel has eigenvalues
k(h, n) and eigenfunctions Ψh,n(τ1, τ2) which have been worked out in the Ref. [3]. With
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these eigenvalues and eigenfunctions, an exact expression for the four-point function in the
momentum space is given by
1
N
Fp(τ1, τ2; τ3, τ4) = 2
3NJ2
1
|Gs(τ12)Gs(τ34)|
∑
h,n
Ψh,n(τ1, τ2)
k(h, n)
1− s(p)k(h, n)Ψ
∗
h,n(τ3, τ4).
(3.18)
The would-be divergence from h = 2 is removed by s(p) < 1, similar as in the section 2.3.
Similarly, when the divergence has been removed, the long time behavior of the four point
function comes from both the h = 2 and h 6= 2 parts. Following the same procedure as in
sec. 2.3, because for p2  1 and u2/J2  1, s(p) ≈ 1, the four-point function in the long
time and energy transport properties in the long wavelength limit are still mainly governed
by the h = 2 reparametrization modes. It is reasonable for us to first focus on the h = 2
part, and then take into account of the corrections coming from h 6= 2 parts perturbatively
when necessary. For the h = 2 modes, we make reparametrizations to the saddle point
solution
Gs(τ1, τ2)→ Gfx(τ1, τ2) =
(
f
′
x(τ1)f
′
x(τ2)
) 1
4
Gs(fx(τ1), fx(τ2)), (3.19)
with small deformations fx(τ) = τ+x(τ). Using the same method as in sec. 2.3, we derive
the effective action of the chain model in terms of the reparametrization modes:
S =
1
256pi
∑
n,p
n,p
(√
2αK
βJ
n2(n2 − 1) +
(
J21
3J2
p2 +
2u2
3J2
)
|n|(n2 − 1)
)
−n,−p (3.20)
where n,p’s are the reparametrization modes by Fourier transforming x(τ):
n,p =
1√
M
M∑
x=1
∫ β
0
dτe
i( 2pin
β
τ−xp)
x(τ). (3.21)
Thus the h = 2 contribution to the four-point function can be derived as (τ = (τ1 + τ2 −
τ3 − τ4)/2):
Fp,h=2(τ, τ12, τ34)
Gs(τ12)Gs(τ34)
=
8
pi
∑
n
e−inτ√
2αK |n|
βJ +
J21
3J2
p2 + 2u
2
3J2
1
|n|(n2 − 1)fn(τ12)fn(τ34)
=
16J√
2αK
∑
n
e−inτ
2pi|n|
β +
1
τu
+Dp2
1
|n|(n2 − 1)fn(τ12)fn(τ34)
(3.22)
in which
1
τu
≡ 4piu
2
3
√
2JαK
, D ≡ 2piJ
2
1
3
√
2JαK
. (3.23)
D is the diffusion constant of the system. To see this, one needs to consider the energy
transport property of the system. The diffusive dynamics in space-time is governed by
the reparameterization fields, which are the same as the ones that govern the long time
behavior of fermion four-point function. The retarded energy-density correlation function
in the (p, ω) space can be derived by utilizing the result of fermion four-point function in
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the OPE limit |τ2 − τ1|, |τ4 − τ3|  τ . By the same method as in Ref. [3][50], we get the
expression for the retarded energy-density correlation function CR00(p, ω):
CR00(p, ω) ' −
Ncv
β
1
τu
+Dp2
−iω + 1τu +Dp2
. (3.24)
The denominator (−iω + 1τu +Dp2) comes from a diffusion-type equation in real space
∂tφ(x, t) = D∂
2
xφ(x, t)−
1
τu
φ(x, t), (3.25)
where φ(x, t) is the energy density function. From this equation, one finds the physical
meaning of D and τu, where D is the diffusion constant, while the 1τuφ term will lead to
an exponential decay of the energy density function, with τu ∼ Ju2 being the characteristic
time scale for the decay. Physically, this characterizes the process of energy leaking into
the bath SYKψ system through interaction, which is similar to the process that the energy
flow crossing the black hole horizon being absorbed into the black hole, and can no longer
be extracted by an exterior observer.
After the discussion of the energy transport property, we now turn to discuss the
behavior of the OTOC in the chaos limit. The OTOC as a function of both space and time
contains two majorana fermions from position x and two from position 0:
F (x, t) =
1
N2
N∑
i,j
Tr[yχi,x(t)yχj,0(0)yχi,x(t)yχj,0(0)], y = e−βHˆ/4, (3.26)
from which we can extract both the Lyapunov exponent and the butterfly velocity. At the
leading order O(N0), the four-point function is given by a disconnected part −G(β2 )2, and
the O( 1N ) part of the function can be derived by first doing analytical continuation of the
Eq. (3.22) with τ12 = τ34 = β/2 and τ = it, and then Fourier transforming back to real
space. By analytical continuation, we obtain the growing term in the long time as
Fp,h=2(t)
G(β2 )
2
' − 4piJ√
2αK
· e
2pi
β
t
2pi
β +
1
τu
+Dp2
. (3.27)
We see that it is exponential growing in the long time. In the same spirit as in sec. 2.3, we
need to consider the h 6= 2 contributions to get the modified Lyapunov exponent. By same
method, after taking into account the first order correction of p2, u2/J2, as well as 1/(βJ),
one finds Fp(t)
G(β2 )
2
' − 4piJ√
2αK
· 12pi
β +
1
τu
+Dp2
exp
[
2pi
β
(1− δ(p)) t
]
. (3.28)
where
δ(p) =
u2
J2
+
J21
2J2
p2 +
3
√
2αK
2βJ
. (3.29)
F (x, t) is given by Fourier transforming Eq. (3.28) back into real space
F (x, t)
−G(β2 )2
= 1− 1
N
4piJ√
2αK
∫ ∞
−∞
dp
2pi
eipx
2pi
β +
1
τu
+Dp2
exp
[
2pi
β
(1− δ(p)) t
]
+O( 1
N2
). (3.30)
– 17 –
Figure 6: A sketch of v
2
B
D −T in this model. The dotted line represents the bound proposed
in the Ref. [70, 77–82]. The solid curve shows the result of Eq. (3.33) and the dashed line
gives its asymptotic behavior. The crossover occurs near T ∼ 1/τu.
The residue at the pole p∗ = i
√
2pi
β
+ 1
τu
D dominates the integral for large x. One obtains
F (x, t)
−G(β2 )2
' 1− 1
N
√
2piJ
αK
√
D(2piβ +
1
τu
)
exp
[
2pi
β
(t− x
vB
)
]
. (3.31)
We find that for large x, the first order correction to the Lyapunov exponent exactly cancels
each other, leaving a Lyapunov exponent 2pi/β unchanged as in Ref. [50]. However, this
will not hold for small x and the Lyapunov exponent will be tuned. The butterfly velocity
is given by
vB =
2pi
β√
2pi
β +
1
τu
√
D. (3.32)
Defining τL = β2pi , we have
v2B =
1
τL
τu
τu + τL
D. (3.33)
This relationship is very interesting. On one hand, it still satisfies
D & v2BτL, (3.34)
which is proposed to be a bound for the butterfly velocity [70, 77–82]. It is found to held
in a SYK chain [50] and holographic theories [83].
On the other hand, the scaling law of v2B/D shows a crossover behavior as temperature
increases, as shown in Fig. 6. As we mentioned, τu is the time scale which governs the
decay of the energy density function, while it can also define a temperature scale that
is proportional to u2/J . When the temperature of the system is much higher than this
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Figure 7: A pictorial representation of the model discussed in sec. 3.2: An SYK chain
with N fermions each site in contact with a SYK system with N2 fermions on one side.
temperature scale, i.e., kBT  u2/J , Eq. (3.33) tells
v2B
D
∝ T, (3.35)
which is the same temperature scaling law as in Ref. [50, 51]. However, when the tem-
perature of the system is far below that temperature scale, i.e., kBT  u2/J , Eq. (3.33)
tells
v2B
D
∝ T 2. (3.36)
This scaling law is similar as that in the Landau’s Fermi liquid theory, in which vB is
replaced by Fermi velocity vF , which is a constant in low temperature, while D scales as
1
T 2
. However, the difference is that here D is a constant that does not depend on the
temperature, while vB scales as T .
To conclude this subsection, we find that, by coupling the one dimensional SYK chain
to a larger SYK bath, the butterfly velocity can not only acquire different values, but also
acquire different temperature dependence. From Eq. (3.32), it can be seen that when we
increase the interaction strength u with the bath, the butterfly velocity decreases, which
physically means that the information leaks into the bath. Meanwhile, the dependence of
the butterfly velocity on temperature transits from vB ∝
√
T to vB ∝ T .
3.2 (1+1)-d SYK Chain Coupled to a Local Thermal Bath
In this subsection, we study another configuration, in which we couple the SYKψ system
to one end of the SYK chain as shown in Fig. 7. Different from the model in sec. 3.1,
this model is no longer translational invariant. In this configuration, our focus will be the
spatial dependence of both the Lyapunov exponent and the butterfly velocity. We call the
site which is nearest to SYKψ as the site 1, the second nearest as the site 2, and so on.
The Hamiltonian of the system can be written as
H =
M∑
x=1
(
Hχx +H
c
χx,χx+1
)
+Hcχ1,ψ +Hψ . (3.37)
The random couplings in each term are {Jijkl,x}, {J ′ijkl,x}, {J
′
ijkl,0}, {J˜ijkl}, with
J2ijkl,x =
3!J2
N3
, J
′2
ijkl,x =
2u2
N3
, J
′2
ijkl,0 =
2u2
N5
, J˜2ijkl =
3!J2
N6
. (3.38)
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Note that in Eq. (3.38), the meanings of the symbols J and u are different from their
meanings in the last subsection. For the physical picture to be clear, we only kept two
parameters u and J , although we could have four different parameters in the Eq. (3.38).
The Schwinger-Dyson equations are
Gψ(iω)
−1 = −iω − Σψ(iω), Gx(iω)−1 = −iω − Σx(iω), (3.39)
with 
Σψ(τ) = J
2Gψ(τ)
3,
Σ1(τ) = J
2G1(τ)
3 + u2G1(τ)Gψ(τ)
2 + u2G1(τ)G2(τ)
2,
Σx(τ) = J
2Gx(τ)
3 + u2Gx(τ)Gx−1(τ)2 + u2Gx(τ)Gx+1(τ)2, x ≥ 2.
(3.40)
Suppose the solutions in the conformal limit still obey the ansatz
Gψ(τ) = b
sgn(τ)
|τ | 12
, Gx(τ) = ax
sgn(τ)
|τ | 12
, (3.41)
then one can get a set of coupled equations for the coefficients b and {ax} as:
J2b4 =
1
4pi
,
J2a41 + u
2(a21b
2 + a21a
2
2) =
1
4pi
,
J2a4x + u
2(a2xa
2
x−1 + a
2
xa
2
x+1) =
1
4pi
, x ≥ 2.
(3.42)
With the asymptotic boundary condition ax → const when x → ∞, one can solve the
coupled equations numerically to get the coefficients b and {ax}.
Our goal is to calculate the OTOC functions in the chaos limit, and extract the Lya-
punov exponents and butterfly velocities from them. In this model, the OTOCs F1(t1, t2),
F2(t1, t2), ...
1 are coupled to each other. For F1(t1, t2), the self-consistency equation in-
volves F2(t1, t2):
F1(t1, t2) =
∫
dt3dt4K11(t1...t4)F1(t3, t4) +K12(t1...t4)F2(t3, t4), (3.43)
where
K11(t1...t4) = 3J
2G1,R(t13)G1,R(t24)G1,lr(t34)
2
+ u2G1,R(t13)G1,R(t24)
(
G2,lr(t34)
2 +Gψ,lr(t34)
2
)
, (3.44)
and
K12(t1...t4) = 2u
2G1,R(t13)G1,R(t24)G1,lr(t34)G2,lr(t34). (3.45)
For Fx(t1, t2) with x ≥ 2, the self-consistency equation involve Fx−1(t1, t2) and Fx+1(t1, t2):
Fx(t1, t2) =∫
dt3dt4Kxx(t1...t4)F1(t3, t4) +Kx,x−1(t1...t4)Fx−1(t3, t4) +Kx,x+1(t1...t4)Fx+1(t3, t4),
(3.46)
1Fi(t1, t2) is the 1N piece of the OTOC with four fermions from site i, as defined before.
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with
Kxx(t1...t4) = 3J
2Gx,R(t13)Gx,R(t24)Gx,lr(t34)
2
+ u2Gx,R(t13)Gx,R(t24)
(
Gx−1,lr(t34)2 +Gx+1,lr(t34)2
)
, (3.47)
and
Kx,x±1(t1...t4) = 2u2Gx,R(t13)Gx,R(t24)Gx,lr(t34)Gx±1,lr(t34). (3.48)
These equations can be casted into a matrix form with the kernel matrix K = {Kij}, and by
solving the matrix integral equation, one would get different modes with different Lyapunov
exponents, similar as different momentum modes in sec. 3.1. The matrix integral equation
can be solved by the ansatz solution as
~Fh e
−hpi
β
(t1+t2)[
cosh piβ t12
] 1
2
−h =
∫
dt3dt4K(t1...t4) ~Fh e
−hpi
β
(t3+t4)[
cosh piβ t34
] 1
2
−h . (3.49)
From this one can solve a series of eigen-modes, each with different h, which corresponds
to different Lyapunov exponents. A technical detail is that the kernel matrix K = {Kij}
is non-Hermitian, thus the eigen-modes { ~Fh} are not orthogonal with each other. To
keep the eigen-modes orthogonal with each other, one needs to use a symmetrized kernel
matrix K˜ = {K˜ij}. After getting a series of different modes, the 1N part of the OTOC
〈χi,x(t)χj,x(0)χi,x(t)χj,x(0)〉β with four fermions on the x site can be written as a summation
of different modes:
Fx(t) ∝
∑
h
F˜2hx
1
2pi
β + α(h+ 1)
exp
[
−h2pi
β
t
]
, (3.50)
where α = 4piJ
3
√
2αK
. The coefficients {F˜hx} are the mode expansion coefficients derived
in numerics by using the symmetrized kernel matrix. The weight of different modes in
summation should be determined by the effective action, while one can also compare with
the results in the last subsection, and see it should be approximated by 12pi
β
+α(h+1)
. For the
OTOC 〈χi,x(t)χj,y(0)χi,x(t)χj,y(0)〉β with two fermions on the x site and two fermions on
the y site, it can be derived as
Fxy(t) ∝
∑
h
F˜hxF˜hy 12pi
β + α(h+ 1)
exp
[
−h2pi
β
t
]
. (3.51)
We first consider the OTOC with four fermions from the same site. We give the plot of
the behavior of Fx(t) for the first five sites away from the SYKψ system in the Fig. 8 (a).
In numerics, we set β = 2pi, and J = u = 100. We can see that, the closer to the SYKψ
system, the slower the growth of Fx(t). To quantify the growth rate of Fx(t), we fit Fx(t)
after the dissipation time td ∼ β2pi with function eλLt. We get the local Lyapunov exponent
λL for each site, which characterizes the growth rate of the OTOC. The result is shown in
Fig. 8 (b). We see that the Lyapunov exponents acquire a non-trivial spatial dependence.
In our (0+1)-d model, the interaction with a much larger cluster of SYK system results
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Figure 8: (a) Different behavior of F1(t) ∼ F5(t). (b) Fitted Lyapunov exponent from the
behavior of Fx(t) after the dissipation time β/2pi. β = 2pi, J = u = 100 are chosen.
in the decrease of Lyapunov exponent of the small system. In this (1+1)-d model, this
influence depends on the distance between the large system and each site on the chain.
To look at the spatial dependence of the butterfly velocity, we will study the OTOC
Fxc−a,xc+a(t) with different a = 0, 1, 2, ... . We fit it with the form:
Fxc−a,xc+a(t) ∝ exp
[
λL(t− 2a
vB
)
]
, (3.52)
where we assume that λL and vB only depend on the center position xc. In numerics, we
can check that this assumption works well for small a. The dependence of vB on xc is
shown in Fig. 9. From the plot we can see that, the closer the center position xc is to the
SYKψ system, the smaller the butterfly velocity. This again shows that the presence of the
larger system can also slow down the propagation of quantum chaos through space. The
spatial dependence of Lyapunov exponent and butterfly velocity also backward prove the
usefulness of the concepts in characterizing the degree of quantum chaos even locally.
4 Summary and Outlook
In this paper, we proposed several generalizations of the SYK models in which the charac-
teristics of quantum chaos can be tuned by varying the coupling strength with a thermal
bath. Owing to the separation of the scrambling time scales between the small and the
large SYK system, and utilizing the nice large-N structure of the SYK model, our set-up
provides an exactly solvable model to illustrate the physics of how to tune the Lyapunov
exponent and the butterfly velocity. We find a new temperature dependence law for the
butterfly velocity as vB ∝ T below the temperature scale induced by coupling to the bath.
We also use simple numerics to illustrate the spatial dependence of the Lyapunov exponent
and the butterfly velocity, which emphasizes the usefulness of the quantities as tools to
diagnose the extent of quantum chaos locally.
Since the Lyapunov exponent and the butterfly velocity are both tunable in our mod-
els, our work provides a broader platform to test various inequalities proposed for chaotic
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Figure 9: The fitted butterfly velocity as a function of the center location xc.
systems and to study the thermalization of chaotic systems. One possible generalization of
our model is to impose an U(1) charge symmetry, then one could study the thermoelectric
transport properties of the system [70] and see how they should be modified by interaction
with the bath.
Another interesting direction is to search for a holographic description of the system.
Since the Schwarzian action of the original SYK model is shared by NAdS2 gravity system,
it is natural to ask whether the modified action given in this paper can be also found in some
gravitational systems. More generally, it is still an open question whether the Lyapunov
exponent in gravitational systems can be tuned by similar physical process inspired by this
work. Similar questions can also be addressed on the behavior of butterfly velocity vB. We
defer these questions for further study.
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